Using the venerable vector model, we develop an expression for the change in the polar angle of the angular momentum of a rotator caused by collisions in a cell-type experiment. For an initial j precessing with polar angle θ, and a given distribution of "tipping angles", we derive the distribution of final polar angles θ ′ . Final m ′ levels are also determined. The results agree well with exact quantum calculations for thermal collisions of He or Ar with NaK. We also find that a simple Lorentzian function describes the distribution of θ ′ in a special case.
Introduction
This letter presents a semiclassical model for the change in the magnetic quantum number m in rotationally inelastic collisions in a cell-type experiment.
The model provides an appealing physical picture of collisional reorientation of the angular momentum vector and, for the case investigated here, is very accurate.
Information about transitions from states jm to j ′ m ′ is critical for a detailed understanding of the collisional transfer of orientation and alignment and of the alignment of molecules by laser pulses [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . Our recent calculations [20] addressed this issue; we reported fully quantum mechanical calculations for collisions of NaK (A 1 Σ + ) with He, including the Grawert coefficients [1] necessary to calculate transition cross sections σ(jm → j ′ m ′ ). The results reproduced the propensity observed by Wolfe et al. [14] for |∆j| to be even and also included several calculations of the fraction of alignment preserved in collisions.
Many efforts to characterize the distribution of final m ′ states [4, 5, 17] have been based on the idea that the polar angle θ = cos −1 m/(j +
2 ) is approximately conserved in collisions. Another body of work is based on the approximate conservation of m in a specific frame defined by the kinematic apse, which is a vector in the direction of linear momentum transfer in the collision.
Khare et al. [21, 22] formulated this approximation and showed that it is exact for a classical, impulsive collision. In a recent analysis of crossed molecular beam experiments on NO(X) + Ar, Brouard et al. [18] found that this model was very accurate.
In the present work we present a semiclassical analysis that treats m and m ′ as continuous variables and that leads to an explicit, closed form expression for the distribution of final states m ′ . We determined the quantitites needed to evaluate this expression quantum mechanically, but classical trajectory methods could also be used [13] . Our results confirm the propensity to conserve the polar angle θ and provide a foundation for further work.
This letter is organized as follows. Section 2 describes our calculations of the potential energy surfaces for HeNaK and ArNaK; section 3 summarizes the quantum mechanical scattering formulas. The model is derived in section 4, which considers polar angles of j and j ′ , and in section 5, which extends the analysis to m and m ′ . Section 6 discusses our results, and section 7 contains concluding remarks. 
Potential Surface Calculation
We determined the potential energy surfaces of the first excited states of HeNaK and ArNaK using standard techniques of electronic structure calculations, as implemented using the GAMESS code [23] . In the limit of large Heor Ar-NaK distances, this excited state correlates with He or Ar (
Our basis set was obtained using the EMSL basis set library [24, 25] for a 6-311+G * * basis set [26] [27] [28] [29] . We split the d functions on Ar, Na, and K using factors of 2, 4, and 3, respectively, and we split the p function on He using a factor of 2. We added three f functions to Na [30] and K [27] with exponents 0.6000, 0.1500, and 0.0375, and 3.33, 1.11 and 0.37, respectively, and one f function to Ar [31] with exponent 0.89. We also added one d function to He [30] with exponent 2.0. This resulted in a 5s2p1d/3s2p1d basis set for He, a 14s11p2d1f /7s6p2d1f basis set for Ar, and a 6-311+G * * (3d, 3f ) for Na and K. We performed an equation-of-motion coupled cluster calculation with singles and doubles (EOMCCSD) [32] . There were six frozen core orbitals in the HeNaK calculation: 1s for Na and 1s, 2s, 2p x,y,z for K. There were 11 frozen core orbitals in the ArNaK calculation: 1s, 2s, 2p x,y,z for Ar, 1s for Na, and 1s, 2s, 2p x,y,z for K. The HeNaK potential was size consistent to within 10 −10 E h and the ArNaK potential was size consistent to within 10 −9 E h . The potentials were corrected for the basis set superposition error [33] .
We calculated the energies as a function of the Jacobi coordinates: r is the NaK bond length, and R and θ are the distance and angle from the NaK center of mass. The value of r was fixed at the experimental NaK bond length r e = 7.935 a 0 measured by Ross et al [34] . 
Summary of Quantum Mechanical Formulas
Here we summarize the formulas used in our recent calculations for NaK (A 1 Σ + ) + He [20] , which were based on the Arthurs and Dalgarno [35] formalism for the scattering of a structureless atom by a rigid rotator. These calculations are based on a coupled angular momentum representation in the space-fixed frame. To compare with a cell-type experiment, one must average over the direction of the incident particle, which is taken to be random. Cross sections for m-dependent transitions may be written in terms of the Grawert 
where k j is the wave number of the incident particle; (· · · ) is a 3j symbol, and the B λ (j, j ′ ) depend on the T matrix elements according to
where {. . . } is a 6j symbol.
The coupled channel calculations that determined the T matrix elements for
He + NaK included all channels constructed from rotational levels j = 0-50, and total angular momenta J = 0-127. The numerical integration was carried out to R = 25 a 0 . For Ar + NaK, the corresponding parameters were j = 0-50, J = 0-447, and R = 30 a 0 .
In many cases it is advantageous to define cross sections for the transfer of the moments (population, orientation, alignment, etc.) of the m state distribution [3] [4] [5] . Alexander and Davis [4] defined the tensor cross sections
where [n] = 2n + 1, and the coefficients d K (j, j ′ ) are given by
where {· · · } is a 6j symbol. For K = 0, Eq. (3) refers to the isotropic cross
Using the orthogonality relations of 6j coefficients to invert Eq. (4) and then invoking the semiclassical approximations of Derouard [5] , one finds that the semiclassical counterpart of the Gravert coefficient B λ (j, j ′ ) is the distribution of the angle α, the "tipping angle" between the initial and final angular momenta of the target rotator, where j < = min(j, j ′ ). The tipping angle α is related semiclassically to the angular momentum λ transferred by the collision [5] :
Expression for the Distribution
Our analysis is based on the well-known vector model. As shown in Fig. 3 , the initial and final angular momenta j and j ′ precess around the z axis with cone angles θ and θ ′ , respectively. We wish to calculate the probability
that an average collision changes the cone angle of the precessing angular momentum from its initial value θ to a final value in the range between θ ′ and
′ is the surface area element for a given θ ′ on the unit sphere.)
We consider a geometrical analysis based on the semiclassical notion that collisions lead to a distribution of tipping angles α between j and j ′ . The relation between given values of θ and θ ′ and the tipping angle α depends on the azimuthal angle between j and j ′ . One can write
(This formula can be derived by noting that cos α is the dot product of unit vectors in the directions of j and j ′ .)
The premise of our model is that P jj ′ (θ, θ ′ ) is just the average value of B(j, j ′ ; cos α) as j and j ′ sweep around their circular paths in the diagram.
Since the values of φ − φ ′ between 0 and π cover the whole range of possible values of α, we can set φ ′ = 0 and just average over φ:
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where the condition that 0 ≤ α ≤ π yields
The range of integration includes the values of α for which the radicand in the denominator of Eq. (10) is nonnegative. A further change of variable to x = cos α leads to
We can evaluate Eq. (12) using the following special case of a result due to
Vilenkin [36] :
In this equation, P K (x) is a Legendre polynomial. Since the tipping function B(j, j ′ ; x) is a sum over Legendre polynomials, we can substitute Eq. (5) into Eq. (12) and evaluate each term separately, leading to
This expression has the correct behavior for the limiting case θ = 0. Then the tipping angle α = θ ′ ; all the P K (cos 0) are equal to one, and Eq (14) reduces to Eq. (5). We can also show that the total cross section for changing j to j ′ is a constant times the integrated probability for changing θ to any θ ′ , independent of θ. Integrating Eq (14) over θ ′ and using Eq. (3) for K = 0 leads to
7 Eq. (15) is consistent with the quantum result for collisions in a cell-type experiment: when one averages over the direction of the initial particle, the sum over m ′ of the cross sections for the jm → j ′ m ′ transitions is independent of the initial m.
Typical results for P jj ′ (θ, θ ′ ) when j and j ′ are large are shown in Fig. 4 .
For angles θ not too close to 0 or π, the curves for each θ shown are very similar in shape and have a peak at θ ′ = θ. The angular distribution in Eq. (14) also satisfies
which accounts for the obvious symmetry of the distributions for θ = 45
• and Fig. 4 . For the same reason, the curves for θ = 90
• are symmetric 
Taking differentials of both sides of Eq. (17), we have
Using this result and explicitly writing θ and θ ′ as functions of the continuous variables m and m ′ , respectively, we can transform Eq. (15) from an integral over θ ′ to one over m ′ . We obtain 
Using Eqs. (14) and (17), we obtain the following explicit expression:
In principle one could include a factor dm ′ on both sides of this equation. This factor will usually be one, corresponding to a final azimuthal quantum number in the range
, so we have omitted it. We now consider the relation between Eq. (20) and the exact quantum mechanical expression, Eq. (1). Following previous work [5, 20] , one can change the sum over λ to an integral over α:
The work of Brussaard and Tolhoek [37] showed that a classical approximation to the square of the 3j coefficient in Eq. (1) can be written
where the quantum values m, m ′ , and λ are related to α, α min and α max by Eqs. (6), (11) , and (17). In the "classical region" where the radicand on the right hand side of Eq. (22) is positive, the square of the 3j coefficient is oscillatory, and this classical approximation goes through the average value of the oscillations. 4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63 64 65 
Lorentzian Approximation to Polar Angle Distribution
A characteristic feature of the results calculated using Eq. (14) is that the final angular distributions P jj ′ (θ, θ ′ ) sin θ ′ tend to have their maximum values at θ ′ = θ, as long as θ is not too close to 0 or π. Also, in this range of θ, the final distributions all tend to have the same shape. In other words, the final distributions tend to depend only on θ ′ − θ. In the Appendix, we present an analysis that shows why one might expect this behavior.
The analysis shows that if j and j ′ are large and the moments d K (j, j ′ ) fall off exponentially according to d K ≈ A exp(−βK), then Eq. (14) can be reduced (after many approximations) to a Lorentzian distribution of the form
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One then obtains the corresponding angular distribution P jj ′ (θ, θ ′ ) sin θ ′ by generalizing Eq. (24) to the sum of two Lorentzians.
We found that the d K (j, j ′ ) for even ∆j transitions of NaK (
by He could often be well fit by a single exponential. The d K (j, j ′ ) for some transitions in Ar + NaK (A 1 Σ + ) collisions were well fit by the sum of two exponentials. Figure 9 shows the exact quantum d K (29, 33) for He + NaK (
and d K (28, 33) for Ar + NaK (A 1 Σ + ). The corresponding angular distributions Fig. 10 . Figure 10 (a) compares the exact value of (14) is more accurate.
Concluding Remarks
We have derived a closed-form expression for the change in the polar angle θ of the angular momentum of a rotator caused by collisions in a cell-type 
, which we calculated quantum mechanically. However, the d K (j, j ′ ) can also be determined by classical trajectory methods [13] . Applying such methods may facilitate the quantum treatment of much larger systems. 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 Appendix
We have found a very simple analytic expression for the angular distribution in Eq. (14) by making additional approximations. We invoke equation 8.10.7 from reference [40] for the Legendre polynomials,
. (26) From asymptotic formula 6.1.39 in [40] , we have
If we substitute Eq. (26) into Eq. (14) we obtain the product of two cosines, which can be transformed using the identity 2 cos a cos b = cos(a − b) + cos(a + b).
In the present case, we keep only the first term, which involves the factor cos (K(θ ′ − θ)) that varies slowly in the sum over K. We drop the more rapidly varying term that depends on cos (K(θ ′ + θ)). With these approximations, we can rewrite Eq. (14) as
We further assume that (2K + 1)/(2K + 2) ≈ 1. Also, since we expect the θ ′ distribution to peak near θ ′ = θ, we will assume that (sin θ ′ / sin θ) 1/2 ≈ 1.
Finally we drop the " 1 2 " in the argument of the cosine. Now we have
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The final result is
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